Abstract. The eigenvalues of a digraph are the eigenvalues of its adjacency matrix. The sum of the absolute values of the real part of the eigenvalues is called the energy of the digraph. The extremal energy of bicyclic digraphs with vertex-disjoint directed cycles is known. In this paper, we consider a class of bicyclic digraphs with exactly two linear subdigraphs of equal length. We find the minimal and maximal energy among the digraphs in this class.
Introduction
A graph G = (V, E) is composed of two finite sets V and E. The elements of V are called vertices and the elements of E are known as edges. A graph is simple if it has neither self loop nor multiple edges. The adjacency matrix of an n-vertex simple graph G, denoted by A G , is a symmetric matrix of order n × n whose rows and columns are indexed by the vertices of G, where a ij = 1 if there is an edge between vertices i and j, otherwise zero. The characteristic polynomial of a graph G is Φ G (x) = det (xI − A G ), where I is the identity matrix of order n × n. The eigenvalues of a graph are actually the eigenvalues of its adjacency matrix. The eigenvalues of a graph together with their multiplicities form the spectrum of a graph. The energy of a graph is the sum of absolute values of its eigenvalues. In the literature, we can find several results on the bounds for energy of graphs. The reader is referred to [3] [4] [5] 11 ] for a comprehensive study on the bounds for the energy of bipartite graphs, trees and benzenoids. Hou [6] addressed the problem of finding the uncyclic graphs with minimal energy. Hou et al. [7] considered the problem of finding unicyclic graphs with maximal energy. They find unicyclic graphs with maximum energy among all unicyclic graphs with fixed number of vertices and with fixed length of cycles.
Pena and Rada [9] extended the concept of energy to digraphs. The authors find the unicyclic digraphs which have minimal and maximal energy among all unicyclic digraphs with fixed number of vertices. Adiga et al. [1] introduced the notion of skew energy of digraphs, which is the sum of absolute values of the eigenvalues of the skew-adjacency matrix of the digraph. The authors derive an upper bound for the skew energy of digraph and computed skew energies of directed cycles. Pirzada and Bhat [10] extended the concept of energy of digraphs to the energy of signed digraphs. The authors extended the notion of NEPS to signed digraphs and constructed infinite families of non cospectral equienergetic signed digraphs. In Khan et al. [8] , the authors studied extremal energy of bicyclic digraphs with vertex-disjoint directed cycles. In the present paper, we extend the same problem to the class of bicyclic digraphs with exactly two linear subdigraphs of equal length and find minimal and maximal energy for these digraphs.
Preliminaries
First, we give some definitions and terminologies. A directed graph (or digraph) is defined to be a pair D = (V, A), the elements of V are called vertices and the elements of A are called arcs. If there is an arc from a vertex u to a vertex v, we denote it by uv. A directed cycle C n of length n (n ≥ 2) is a digraph with vertex set {v i | i = 1, . . . , n} of n elements and arc set {v i v i+1 | i = 1, . . . , n − 1} ∪ {v n v 1 } of n elements. A digraph is connected if its underlying graph is connected. A unicyclic digraph is a connected digraph which contains a unique directed cycle. A bicyclic digraph is a connected digraph which contains exactly two directed cycles.
The adjacency matrix
For digraphs, the eigenvalues may be complex numbers since the adjacency matrix of a digraph is not necessarily symmetric. The energy of a digraph is defined as the sum of the absolute values of the real parts of its eigenvalues. That is, if z 1 , z 2 , . . . , z n are eigenvalues of an n-vertex digraph D, then energy of D is defined by
where Re(z i ) is the real part of z i .
Theorem 2.1 (Coefficients theorem for digraphs [2] ). Let D be an n-vertex digraph with characteristic polynomial given by
For n ≥ 3, we define a set D n which consists of n-vertex digraphs with exactly two linear subdigraphs of equal length. Let D ∈ D n be a digraph such that the length of both linear subdigraphs is m, 2 ≤ m < n − 1. From Theorem 2.1, the characteristic polynomial of D is given by
The eigenvalues of D are 0 and 
The eigenvalues of D are 0 and ), k = 0, 1, . . . , 4, and the multiplicity of 0 is 5. Thus, the energy of D is
From (2.1), we compute the energy formulae of D as follows:
Lemma 2.1 (Khan et al. [8] ). Let x, a, b be real numbers such that x ≥ a > 0 and b > 0. Then we have πx
For any real number x with 0 < x < π 2 , the following inequalities hold:
Extremal Energy
Pena and Rada [9] considered the problem of finding extremal energy among all unicyclic digraphs with fixed number of vertices. Khan et al. [8] considered the same problem for finding extremal energy for bicyclic digraphs with vertex-disjoint directed cycles. In this section, we find the minimal and maximal energy among the digraphs in D n . The following lemma gives us the lower bound for the energy of a digraph D ∈ D n . Lemma 3.1. Let D ∈ D n such that the length of each linear subdigraph is m, where
Proof. Let m ≡ 0 (mod 4). Then by (2.2) and (2.4), we get
Analogously, if m ≡ 1 (mod 2) then we can show that
The proof is complete.
The following lemma gives the upper bound for the energy of a digraph D ∈ D n . Lemma 3.2. Let D ∈ D n such that the length of each linear subdigraph is m where
Proof. First, let m ≡ 0 (mod 4). By (2.2) and (2.4), we get
Next, we take m ≡ 2 (mod 4). By (2.2) and (2.3), we get
Finally, if m ≡ 1 (mod 2) then one can analogously show that
This completes the proof.
Next lemma shows that the energy of digraphs in D n increases monotonically with the increase in length of their linear subdigraphs. 
E(D) ≥ E(D ).
Proof. Let m ≡ 0 (mod 4). In this case, m ≥ 8 and m + 1 ≡ 1 (mod 2). Lemma 3.1 implies
On the other hand, Lemma 3.2 gives
One can easily see that the following inequality holds:
Combining (3.1)-(3.3), we get E(D) ≥ E(D ).
Next, let m ≡ 2 (mod 4). In this case m ≥ 6 and m + 1 ≡ 1 (mod 2). Lemma 3.1 implies that
Combining (3.4)-(3.7), we get E(D) ≥ E(D ).
Finally, let m ≡ 1 (mod 2). In this case m ≥ 7, m + 1 ≡ 2 (mod 4) or m + 1 ≡ 0 (mod 4).
If m + 1 ≡ 2 (mod 4) then Lemma 3.1 implies
The following inequality is easily seen:
Combining (3.8)-(3.11), we get E(D) ≥ E(D ).
If m + 1 ≡ 0 (mod 4), one can analogously show that
E(D) ≥ E(D ).
The following corollary is an easy consequence of Lemma 3.3. Proof. Let D ∈ D n be a digraph with linear subdigraphs of equal length m where 2 ≤ m ≤ n − 1. Then it can easily be seen from (2.2) that
However, if m ≥ 5, then from Corollary 3.1, we get
where H is a digraph with linear subdigraphs of equal length r, r ≥ m. It is clear from (3.12) and (3.13) that E(D) is minimal when m = 4. Furthermore, D n contains a digraph with maximum length of each linear subdigraph n − 1. Therefore, from (3.13) it is evident that E(D) is maximal when m = n − 1.
Comparison of Extremal Energies
Let B n be a set consisting of n-vertex bicyclic digraphs such that directed cycles in a digraph are vertex-disjoint, n ≥ 4. In Khan et al. [8] , the authors study the problem of finding minimal and maximal energy among the digraphs in B n . For a digraph G ∈ B n with vertex-disjoint directed cycles C n−2 and C 2 , the following lemma gives lower bound on the energy of G.
Lemma 4.1 (Khan et al. [8] ). Let n ≥ 4 and G ∈ B n with vertex-disjoint directed cycles C n−2 and C 2 . Then we have the following inequalities:
Theorem 4.1 (Khan et al. [8] ). Let G ∈ D n with directed cycles C r 1 and C r 2 , where 2 ≤ r 1 , r 2 ≤ n − 2. Then G has minimal energy if 2 ≤ r 1 , r 2 ≤ 4 and maximal energy if r 1 = n − 2 and r 2 = 2 or the vice versa. In the following theorem, we compare the maximal energy among the digraphs in B n and D n . A digraph with maximal energy in B 8 is shown in Figure 2 and a digraph with maximal energy in D 8 is shown in Figure 3 . Theorem 4.2. Let n ≥ 6. Then the maximal energy among the digraphs in B n is always greater than the maximal energy among the digraphs in D n .
Proof. Let G ∈ B n with vertex-disjoint directed cycles C n−2 and C 2 . Also take D ∈ D n with linear subdigraphs of equal length n − 1.
Let n ≡ 0 (mod 4). In this case we have n − 2 ≥ 6 and from Lemma 4.1 we have
On the other hand, from Lemma 3.2 we have
By using Lemma 2.1 we have
Inequalities (4.1)-(4.4) imply E(G) ≥ E(D). Next, let n ≡ 2 (mod 4). In this case we have n − 2 ≥ 4 and from Lemma 4.1 we have
On the other hand, we have from Lemma 3.2 that
The following inequality holds true:
Inequalities (4.5) and (4.6) imply
E(G) ≥ E(D).
Finally, let n ≡ 1 (mod 2). In this case we have n − 2 ≥ 5 and from Lemma 4.1 we have
From inequalities (4.7) and (4.8), we get
Thus, from Theorem 3.1 and Theorem 4.2, the assertion is true.
Conclusion
In this paper, we introduced a new class D n of bicyclic digraphs. Each D ∈ D n has exactly two linear subdigraphs of equal length. For n ≥ 6, we showed that D ∈ D n has maximal energy among the digraphs of D n if the length of each linear subdigraph is n − 1. Furthermore, D has minimal energy if length of each subdigraph is 4. It will be interesting to consider a more general class of bicyclic digraphs where the length of each linear subdigraph is not necessarily equal. We leave this as an open problem.
